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Well-posedness of stochastic di�erential equation

Consider on r0, T s, T ° 0 the stochastic system :
X0 “ x , dXt “ F pXt qdt ` dBt

where pBt qt•0 is a Brownian motion defined on a filtered probability space p�, A, pFt qt•0,Pq.

§ When is the system well-posed ?

§ Could the system be well-posed (in strong sense) outside the Cauchy-Lipschitz framework ?

Stochastic infinitesimal perturbation of the dynamic
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Infinitesimal perturbation regularizes the dynamic

ë REGULARIZATION BY NOISE PHENOMENON
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§
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and CpT q, C 1pT q Ñ 0 when T Ñ 0

§ T “su�ciently small”
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Regularization by noise, conclusion of the primer : su�cient condition

Consider on r0, T s, T ° 0 the stochastic system :
X0 “ x , dXt “ F pXt qdt ` dBt

where pBt qt•0 is a Brownian motion defined on a probability space p�, A,Pq.

§ When is the system well-posed outside the Cauchy-Lipschitz framework ?

ë Zvonkin’s transformation (Itô-Tanaka trick) :

A su�cient condition is to obtained appropriate regularization properties of the associated
Kolmogorov PDE with the drift as source term :

Btupt, xq ` Lupt, xq “ F pxq on r0, T q ˆ R, upT , xq “ 0

ë Link with PDE and smoothing e�ect of linear partial second order di�erential operator
with elliptic di�usion matrix.

Stochastic infinitesimal perturbation of the dynamic



DEGENERATE KOLMOGOROV EQUATION

and

REGULARIZATION BY STOCHASTIC DRIFT



Well-posedness of di�erential equation

Consider on r0, T s, T ° 0 the system :
X0 “ x , dXt “ F pXt qdt

§ Quid of a macroscopic perturbation ?
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Well-posedness of di�erential equation with macroscopic perturbation

Consider on r0, T s, T ° 0 the stochastic system :
X0 “ x , dXt “ pF pXt q ` �Bt qdt

where pBt qt•0 is a Brownian motion defined on a probability space p�, A,Pq, � in R.
§ Quid of a macroscopic perturbation ?



Well-posedness of di�erential equation : regularization by stochastic drift
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Well-posedness of di�erential equation : regularization by stochastic drift

Consider on r0, T s, T ° 0 the stochastic system :

X1
0 “ x1, dX1

t “ dBt
X2

0 “ x2, dX2
t “ pF pX2

t q ` �X1
t qdt

where pBt qt•0 is a Brownian motion defined on a probability space p�, A,Pq, � in R.
§ Quid of a macroscopic perturbation ?

§ Here � “
ˆ

Id 0
0 0

˙

: the system is said to be totally degenerate

§ The noise in the second component only comes from the first component

§ Well-posedness outside the Cauchy Lipschitz framework ?
§ Lie brackets :

V0 “
¨

˝

1
0
�x1

˛

‚ , V1 “
¨

˝

0
1
0

˛

‚, rV0, V1s “
¨

˝

0
0
�

˛

‚.

(V0, V1, rV0, V1s) span R3.
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where pBt qt•0 is a Brownian motion defined on a probability space p�, A,Pq, � in R.
§ Quid of a macroscopic perturbation ?

Result : If � ‰ 0 and F is — ° 2{3-Hölder i.e. if weak Hörmander conditions
hold, then, the system is well-posed (strong sense)

§ Degeneracy Ñ loss of regularization e�ect of the generator L of pX1, X2q
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Regularization by stochastic drift : proof. The PDE

§ Strong theory for the PDE :
Btui pt, x1, x2q ` Lui pt, x1, x2q “ „i pt, x1, x2q on r0, T q ˆ R2

ui pT , x1, x2q “ 0R2 , i “ 1, 2

where L :“ xF , Dx2 y ` 1
2 �x1 and p„1, „2q “ p0, F p¨q ` �q.

, n P N.

§ Is there exists a unique solution u “ pu1, u2q˚ such that :
||u||

Lip

` ||Dx1 u||
Lip

§ CpT q,

where CpT q Ñ 0 when T Ñ 0.

§ The PDE degenerates... but satisfies weak Hörmander condition.

§ Smooth setting : pF nqn•0 sequence of regularized coe�cients that satisfy the same
assumptions as F (uniformly in n) and that converges uniformly to F .

1. Representation of the solution ?
ë Perturbed approach / Parametrix

2. Estimation of the derivatives
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Regularization by stochastic drift : proof. Derivatives estimates

ui pt, x1, x2q

“
ª T

t
`ds

§ Estimation of pDx1 ` Dx2 ` D2
x1 ` Dx1 Dx2 qui

§ “Worst” case : Dx1 Dx2 u2

§ Ñ ◊ solves 9◊t,s pq “ F p◊t,s pqq ` �, ◊t,t pq “ .

§

Use centering argument : @Ï P BpRq, @’ P R, Dx1 Dx2

”

P̃◊t,s p›q
t,s Ï

ı

ps, x1, x2q “
Dx1 Dx2

”

P̂◊t,s p›q
t,s pÏp¨q ´ Ïp’qq

ı

ps, x1, x2q
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t,s |Ï|
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ps, x1, x2q

§ Smooth the singularity thanks to regularity of coe�cients + Gaussian smoothing :

ë |F p¨q ´ F p◊t,s p›qq| § | ¨ ´◊t,s p›q|— ; |pL ´ L̃◊t,s p›qqu2| § | ¨ ´◊t,s p›q|— ||Dx2 u2||8

ë @“ ° 0,
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t,s Ï

ı

ps, x1, x2q “
Dx1 Dx2

”

P̂◊t,s p›q
t,s pÏp¨q ´ Ïp’qq
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ˇ
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t,s Ï
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ˇ
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”
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ˇ

ˇ
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ˇ

ˇ

ˇ

Dx1 Dx2
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t,s pL ´ L̃◊t,s p›qqu2
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ˇ
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§ T “small”
§ And CpT q, C 1pT q Ñ 0 when T Ñ 0

§ With similar arguments ||D2
x1 u2||8 ` ||Dx1 u2||8 § CpT q
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Regularization by stochastic drift : Conclusion

Consider on r0, T s, T ° 0, the stochastic system :

X1
0 “ x1, dX1

t “ dBt
X2

0 “ x2, dX2
t “ `

F pX2
t q ` �X1

t
˘

dt,

where F is — ° 2{3-Hölder and � ‰ 0 is well-posed in a strong sense, thanks to strong theory
for the associated PDE.



Regularization by stochastic drift : “strong” result

Consider on r0, T s, T ° 0, the hypoelliptic stochastic system :

X1
0 “ x1, dX1

t “ F1pt, X1
t , X2

t qdt ` ‡pt, X1
t , X2

t qdBt
X2

0 “ x2, dX2
t “ F2pt, X1

t , X2
t qdt

Theorem. If :
§ ‡ is Lipschitz and uniformly elliptic,
§ @pt, x2q P r0, T s ˆ Rd , x1 fiÑ Dx1 F2pt, x1, x2q is di�erentiable and

Dx1 F2 P E Ä GL
d

pRq, E closed convex,
§ F1, F2 Hölder, Hölder exponent (second variable) ° 2{3
§ Dx1 F2 is Hölder in space,

then, the system is well-posed (strong sense).
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KOLMOGOROV EQUATION ON SPACE OF PROBABILITY MEASURES

and

REGULARIZATION BY NOISE FOR (a class of) McKEAN-VLASOV PROCESSES



McKean-Vlasov system

Consider on r0, T s, T ° 0, the system

X0 „ µ, dXt “ F pXt , rXt sqdt ` �dBt , µ P P2pRd q
where pBt qt • 0 is a Brownian motion defined on a probability space p�, A,Pq

§ M players

§ @i , rXi
0s “ µ, B1, . . . , BM independent B.M.

+ indistinguishable dynamics

§ M Ñ `8

Ñ Propagation of chaos + LLN

Ñ limMÑ`8 M´1 ∞M
i“1 ”Xi

t
“ rXt s

§ “r¨s” means that we are interested with the law : @t P r0, T s, rXt s is the law of the r.v. Xt
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where pBt qt • 0 is a Brownian motion defined on a probability space p�, A,Pq

Ï1 : Rd Ñ R ˆ R

§ Condition for (strong) well posedness
§ More general conditions
§ Specify the law dependence

, structural assumption : polynomial dependence
F px , ‹q “ bpXt , xÏ1, ‹yq.

xÏ, ‹y “ ≥

Ïd‹ Ñ link with "linear" system :
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Regularization by noise : McKean-Vlasov processes, proof

Consider on r0, T s, T ° 0, the system
X0 „ µ, dXt “ bpXt , xÏ1, rXt syqdt ` ‡dBt , µ P P2pRq

where pBt qt • 0 is a Brownian motion defined on a probability space p�, A,Pq, Ï1 : R Ñ R, ‡
elliptic

§ Flow : X0,x,µ
0 “ x , dX0,x,µ

t “ bpX0,x,µ
t , xÏ1, rX0,µ

t syqdt ` ‡dBt

ë Non-Markovian

on R, but Markov on R ˆ P2pRq !

§ Does the stochastic perturbation regularize ?
ë Zvonkin transformation ?
ë b writes :

ª t

0
bpXs , xÏ1, rXs syqds “ upt, Xt , ?q ´ up0, x , ?q ´

ª t

0
Bx ups, Xs , ?qdBs

ë where u solves the Kolmogorov Equation
Btupt, x , ?q ` Aupt, x , ?q “ bpx , xÏ1, µyq on r0, T q ˆ R

ˆ P2pRq

, upT , x , ?q “ 0

§ Ï1 –1-Hölder ?ùñ u et Bx u CT -Lipschitz on R ˆ P2pRq (limT Ñ0 CT “ 0)

§ upt, x , µq “ E
ª T

t
bpXt,x,µ

s , xÏ1, rXt,µ
s syqds

§ Estimation of ||Bµu||8, ||BµBx u||8
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Regularization by noise : McKean-Vlasov processes, proof

We consider on r0, T s the systems
"

Xt,µ
t „ µ, dXt,µ

s “ bpXt,µ
s , xÏ1, rXt,µ

s syqds ` ‡dBs
Xt,x,µ

t “ x , dXt,x,µ
s “ bpXt,x,µ

s , xÏ1, rXt,µ
s syqds ` ‡dBs

where pBt qt • 0 is a Brownian motion defined on a probability space p�, A,Pq, b Hölder and
smooth w.r.t. its second argument, Ï1 : R Ñ R Hölder and ‡ elliptic

§ upt, x , µq “ E
ª T

t
bpXt,x,µ

s , xÏ1, rXt,µ
s syqds “

ª T

t

ª

R
bpy , xÏ1, rXt,µ

s syqppµ; t, x ; s, yqdyds

§ Estimation of ||Bµu||8, ||BµBx u||8

§ Bx Ñ time singularity of order 1{2
ˇ

ˇ

ˇ

ˇ

ˇ

Bµ Ñ time singularity of order 1{2 ´ –1{2

§ There exist CpT q, C 1pT q, independent of the regularization and such that
CpT q, C 1pT q Ñ 0 when T Ñ 0 such that

|Bµupt, x , µqpzq| § CpT q
|BµBx upt, x , µqpzq| § C 1pT q

§ Zvonkin transformation : the system is well posed (strong sense)
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s , xÏ1, rXt,µ

s syqds ` ‡pXt,µ
s , xÏ1, rXt,µ
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Xt,x,µ

t “ x , dX0,x,µ
s “ bpXt,x,µ

s , xÏ1, rXt,µ
s syqds ` ‡pXt,µ

s , xÏ1, rXt,µ
s syqdBs

where pBt qt•0 is a Brownian motion defined on a probability space p�, A,Pq,
Ï1, Ï2 : Rd Ñ R ˆ R, ‡‡˚ uniformly elliptic

§

Theorem : If b is Hölder, bounded and smooth (Lipschitz) w.r.t. its third argu-
ment, if Ï1 is –1-Hölder, if ‡ is Hölder in space, smooth w.r.t. its third argument
Ï2 Hölder, then : the regularized solution of the linear equation

Btupt, x , µq`Aupt, x , µq “ bpx , xÏ1, µyq sur r0, T qˆRˆPpRd q, upT , x , µq “ 0
where @Â su�ciently smooth :

AÂpt, x , µq “ 1
2

Tr
“

apt, x , xµ, Ï2yqB2
x Âpt, x , µq‰ ` bpt, x , xÏ1, µyqBx Âpt, x , µq

`
ª

bpt, x , xÏ1, µyqBµÂpt, x , µqpzqdµpzq

` 1
2

ª

Tr rapt, x , xÏ2, µyqBz pBµÂpt, x , µqpzqqs dµpzq.

satisfies
|Bµupt, x , µqpzq| ` |BµpBx upt, x , µqpzqq| ` |Bx upt, x , µq| ` ˇ

ˇB2
x upt, x , µqˇ

ˇ § CT ” ,

where C , ” ° 0 do not depend on the regularization procedure.
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s , xÏ1, rXt,µ
s syqdBs

where pBt qt•0 is a Brownian motion defined on a probability space p�, A,Pq,
Ï1, Ï2 : Rd Ñ R ˆ R, ‡‡˚ Lipschitz and uniformly elliptic , Ï2 Lipschitz

§ Theorem : If b Hölder, bounded and smooth (Lipschitz) in its third argument,
if Ï1 est –1-Hölder, then the McKean-Vlasov system is well posed

§

Corollary : If b is Hölder, bounded and smooth in its third argument, if Ï1 is
–1-Hölder, then for all function „ Hölder , for all s ° t the function

P2pRd q Q µ fiÑ x„, rXt,µ
s sy

is di�erentiable (Lions).



Regularization by noise : McKean-Vlasov processes, result

Consider on r0, T s the system
"

Xt,µ
t „ µ, dXt,µ

s “ xbps, Xt,µ
s , ¨q, rXt,µ

s syds ` x‡pXt,µ
s , ¨q, rXt,µ

s sydBs
Xt,x,µ

t “ x , dX0,x,µ
s “ xbps, Xt,x,µ

s , ¨q, rXt,µ
s syds ` x‡pXt,µ

s , ¨q, rXt,µ
s sydBs

where pBt qt•0 is a Brownian motion defined on a probability space p�, A,Pq, ‡‡˚ uniformly
elliptic

§ Corollary : If b is bounded and Hölder and ‡ Lipschitz in its arguments, then
the McKean-Vlasov system is well posed
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