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Setting of the problem: regularization by noise

We prove strong well-posedness for the semilinear stochastic wave equation

¢ y(1,0) =y (t,1) =0, (1)
y(0,&) =xo (&),
L 2(0,8) =x1(8), T€(0,Tl, &cl0,1],

e (Q,F,IP) probability space; € # 0;

o W (1, &) space-time white noise, i.e., formally the time-derivative of a cylindrical Wiener
process

e xg € H)([0, 1]) x4 € L2([0, 1]); moreover (ey) is a basis of eigenfunctions in L2([0, 1])
e b bounded measurable, x-Holder continuous iny, « € (2/3,1).

e Without noise (i.e. € = 0) for equation (4) there is no uniqueness in general.
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A novelty in our approach is the use of FBSDEs (forward-backward stochastic differential
equations)



Overview on regularization by noise for ODEs

SEMINAL PAPERS
- AK. Zvonkin : Mat. Sb. (N.S.) (1974) [b e L®(R),ie.,d=1]
- A.J. Veretennikov : Mat. Sb., (N.S.) (1980) [b € L*(RY) (for any d > 1)].

¢ A variant of the Zvonkin-Veretennikov approach: the lto-Tanaka trick for SDEs (cf.
Flandoli-Gubinelli-P. 2010) :

To simplify R¢ = R. Let b : R — R be an irregular function (it could be Hélder continuous).
Our equation is

t

Xt:x+J b(Xs)ds+W;, t >0, xelR
0

We write
t
Xt — X — Wt = J b(XS)dS
0



Overview on regularization by noise for ODEs

Now if v is a “regular” solution of

_ 1.4
L= 2 dx?

and so

and

Av—Lv=Db onR, A>0,

+b(x) - & then by Itd’s formula:

t

v/ (Xs)dW, + J Lv(X)ds
0

t

V(X)) = vix) + JO

V(X)) = vix) + J V(Xs) AW +J (W(Xs) — b(X;))ds

0

t

v/ (X)dW, + AJ v(X)ds
0

t

Xi +v(Xy) :x+v(x)+Wt+J
0

=- uniqueness thank to the regularity of v



Some References on regularization for SPDEs
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Regularization of PDEs by multiplicative noise

- Flandoli F., Gubinelli M., Priola E., Well-posedness of the transport equation by stochas-
tic perturbation. Invent. Math. 180 (2010)

“deu(t, x) + (b(t,x) - Du(t,x))dt + Y&, e; - Du(t,x) o AW} = 0

- Fedrizzi E. and Flandoli F., Noise prevents singularities in linear transport equations, J.
Funct. Anal. 264, (2013)

- Gess B., Souganidis P. E., Long-Time Behavior, Invariant Measures, and Regularizing
Effects for Stochastic Scalar Conservation Laws, to appear in Comm Pure Appl. Math
(including stochastic Burgers equations)

“du + 9, (u?) o dp;



Stochastic wave equation
General formulation

2

Set A = 32 with Dirichlet boundary conditions is a positive self-adjoint operator with

trace class inverse A~ : U =12([0,1]) — L2 ([0, 1]),

Aep =nPmPe,, n>1, e (&) = V2sin(nng).
D(A) = H) ([0,11) N HA ([0, 1]), D(AVZ) =HJ ([0,1]), D(A2) =H T ([0,1]).

Thus our initial equation can be written as (e = 1)

2

( LY(1) = —Ay(1) + B(t,y(1), (1)) + W(T),
Y y(0) =xo €L, @)
| &(0) =x; € DIA12), T€0,T],

Hypothesis 1. A : D(A) € U — U is a positive self-adjoint operator on a real separa-
ble Hilbert space U and there exists A~ which is a trace class operator from U into U
(D(A~1/2) is the completion of U with respect to |JA~1/2 . |)).



Set

XT* = X5 = (y(1), -~ (7))

where y is solution to (2), x = (xg, X1).

Wave operator: A = (

0
—A 0

I ) generates an unitary group et in H = U x D(A~1/2).

According to the book [Da Prato-Zabczyk 1992] we study (e = 1)

where

dx%* = AX%*dt + GB(t,X%¥)dt + GdAW,, T€[0,T],

XP¥=x € H=Ux DA 2

(3)

W, = Z Bn(T)en

n>1

, (en) is a fixed basis of eigenfunctions in U and (p.(t)) are

independent real Wiener processes, G : U — H,

Gu = ( (I) )u, GdW, = ( d\(/)\/T ), GB(T,X;) = ( B(T(,)XT) >



Mild formulation

Recall that for x = (X1,X2) eH=Ux @(/\_1/2), IX|g = Ix1lu + |/\71/2X2|u.

A solution is a mild solution:

T T

e(T_S)AGB(s,XS)derJ e™sIAGaw,, Tt [0,T].
0

XE=e™x + J
0

Wa (1) == J e IAGaW;, not well defined in the usual K = D(A/2) x U evenif B =0
0

X evolves in H = U x D(A~1/2) =12([0,1]) x H~'([0,1]) even if B = 0.

In the initial example B(t,h) :==b(T, &, hy(-)) € L?([0,1]), h = (hy,hp) € H, & € [0, 1].

Hypothesis 2. B : [0, T] x H — U is Borel, bounded and «-H&lder continuous in x, for
some x € (2/3,1), i.e. there exists C = C, > 0 such that

sup |B(t,x +h) —B(t,x)|u < Clhl{}, x, h € H.
t€[0,T]



Our assumptions on b in the initial example

¢ Yy(1,0)=y(T,1) =0, (4)
y(0,&) =x0(8&),
L 30,8 =x1(8), T€(0,T, &clo,1],

The function b : [0, T] x [0, 1] x R — IR is measurable and, for t € [0, T] and a.a. & € [0, 1],
the map b (T1,¢&,-) : R — R is continuous.

There exists ¢y bounded and measurable on [0,1], « € (2/3, 1), such that, for T € [0, T]
and for a.a. £ € [0, 1],

b(t,&x)—b(T,&y)l <cr (&) x—yl*,

x, Yy € R.

Moreover |b (T, &,x)| < ¢ (&), for T € [0, T] and a.a. & € [0, 1], with ¢» € L2([0, 1]).
11



Main result

Existence of weak mild solutions follows by the Girsanov Theorem

Recall that a (weak) mild solution is a tuple (Q, F, (F;), P, W, X), where (Q,F, (F,),P) is
a stochastic basis on which it is defined a cylindrical U-valued F-Wiener process W and
a continuous Ji-adapted H-valued process X = (Xi) = (X)o7 such that, IP-a.s. the
previous integral equation holds

We prove pathwise uniqueness (for any initial condition x € H). This means that given
two (weak) mild solutions (X;) and (XZ) starting at x € H, we have that X, = X/, IP-a.s.,
T € [0, T].

Theorem 1 (Masiero - P.) Assume Hypotheses 1 and 2. For equation (3) pathwise unique-
ness holds. Moreover, there exists ct > 0 such that

sup IE“XZ? — X¥2|2H} < crlxq —X2|2H, X1,Xo € H.
7€[0,T]

Remark. Our result implies strong existence by the Yamada-Watanabe principle (see
[Ondrejat, Dissertationes Math. 2004]).



A counterexample

Let us consider the following semilinear deterministic wave equation for t € [0, T]:

T (1,8) =52 (1, 8) +b (& y(T,E))
y(1,0) =y (1,7 =0, (5)
y(0,&) =0, X(0,&) =0, £<[0,7

with

b (E, y) = 56 \4/ sin a |y|3 . I{|y]<2T8} + Iyl . I{|y|<2T8} + 56 \4/ 8T24 sin E, . I{|y|>2-|-s} + 2T8 I{ly’>2'|’8},

where & € [0, 7], y € R; I is the indicator function of a set A C R,

y(t,&) =1°sing |isa

y(t, &) = 0|is a solution to equation (5), and also

It turns out that
solution to (5).

12



Some ideas about the proof

Kolmogorov PDEs: we find an H-valued solution v of the following equation which
contains the wave operator A:

ov(t, x)
ot

v(T,x) =0.

+ Lv(t, )1(x) = Av(t,x) — GB(t,x), x € D(A), te0,T],

where for scalar and regular f: H — R
Lifl(x) = %TT GG* V2f(x) + (Ax, Vf(x))+ < GB(t,x), Vf(x)).

We solve the Kolmogorov equation in the form

T T

v(t, x) :J

t

Rs_¢ {e_(s_t)AGB(s, -)] (x) ds + J

t

Re . [e—(s—f)Ava(s, )B(s, )| (x) ds,

where V¢ gradient in the direction of GU = { ( 2 ) } ey @nd Ry is the OU transition
Markov semigroup associated to the linear stochastic wave equation.

13



A regularity lemma

We need the Banach space Ey consisting of all u € By ([0, T] x H, H) such that u(t,-)
is Fréchet differentiable on H, with Fréchet derivative Vu € By ([0, T] x H,L(H, H)) and
VOou € By ([0, T] x H, Ly(U, H)). Foreach & € U, t € [0, T], the map:

X > Vgu(t,x) is Fréchet differentiable on H with sup sup ||VV5u (t, %)Ly < o0
tx |E,‘u:1

Regularity lemma (Masiero, P.) There exists a unique solution v € Ey. Moreover, for each
x,k € H, t € [0, T], the map: ¢ — VkVG (t,x) belongs to Lo(U, H) and, for any k € H, the

mapping:
(t,x) — ViVOv(t,x) is measurable from [0, T] x H into Lo(U, H) (6)
and

Ssup HVkVGV(t, X)HL2(U,H) < C|k|, k € H,
xeH,tel0,T]

for some c > 0 (independent of k).

Finally, there exists a function h(r) = c(r,«) > 0, r > 0, such that h(r) - 0asr — 07
and if S € [0, T] verifies h(T —S) - (supico 11 ||B(t, - H(X) < 1/4, then

sup || Vv(t, %) |l m) < 1/3. (7)
te[S,T], xeH

14



Proof of the regularity lemma

To prove the previous regularity lemma we need to investigate regularity properties of the
OU semigroup.

Recall the Ornstein Uhlenbeck process for the stochastic wave equation (i.e. B = 0):

d=0* = AZ%0%dt + GdW,, T€[0,T], =¥ =x¢€H.

Two OU transition semigroups:

Peld] (x) = E (Z2) . ¢ € By(H,R),
R, [®] (x) = E® (E%X) . ® € By(H,H).
Note that (R{).>0 is an H-valued transiton semigroup

15



Regularizing properties of OU transition semigroups

Controllability and minimal energy

Consider the control system

{ w(t) = Aw (t) + Gu (1),
w(0) =k € H,

t
null controllable at time t > 0 +> Ime'* c Im Q,;* where Q, = J eSAGG* e ds
0

Q; ?eMhly < &lhly, h € H, t € (0,T) (known result; see also [Avalos-Lasiecka,

Ann. Sc. Norm. Super. Pisa 2002] for a more general result).

We prove that for

{ w(t) = Aw (t) + Gu (1),
w(0) =k eIm(G),

we have

—1/2 tA c _ € A1p2 (0
Q%6 Galy < {5/Gal = (5lA e acU, Ga=( ¢ )

16



Estimates for OU transition semigroups

Lemma (first order regularization) ® € C,(H,H) vVt >0

TV R(D](x) = VR @] (x)h = JH<Q;%etAk, Q. 7y) d(ex +y) N(0, Qu)(dz), k € H;

(for the proof of such formula see [Da Prato-Zabczyk 92])

VER(D](x) = J(Qt e Ga, Qt y) @(ex +y)N(0, Qy)(dz), ae€ U.

VR[®] € Cp(H,L(H,H)), VOR{®] € Cp(H, L(U, H)) N Cyp(H, Lo(U, H))

C
sup [ViR¢[®@](x)| < t_qu)Hoo“(-‘Ha;

xeH

C _
sup [VER[®](x)] < t—lHCDHool/\ 12q|y. sup ||[VOR D]

C
Xl umy —1H®Hoo
xeH xeH t2

17



Estimates for OU transition semigroups

Lemma (second order regularization) ® € C,(H,H),x,k e H, £ € U;Vt >0

ViVER(D](x) = J

’ ((Nk, Q; *y) (NGE, Q; *y) — (Tik, [LGE)) D (ePx + y)N(0, Qy)dz),

c|k|
SUP || Vi(VERD]) (%), i h) < —m

; 219
Xe

lim sup sup [ Vi(VERI®D) (x +y) — Vi(VERUD) ()|, un) = 0.
Xx—0 k|=1 yeH

Lemma (interpolation) ® ¢ C)(H,H), ke H,Vt >0

sup ViR D] (x) |1 < c

xeH tg(.l_‘x)

c
sup || Vi(VER{®]) (%)L, n) < t4—3<xH(DHoc|k|H-

xeH

Dl ol

18



Using FBSDEs

Forward-Backward system (FBSDE)

/ —t,x __ AE%XdT + GdWT, TE [ts T] ’

o
Ht — L)

< —tdY;’X = —AYY + GB(1,Z¥%) dt + ZY* B(1,2%)dt — ZY* dW, Tt € [0,T],
Y7 =0

T ’

FBSDE in mild formulation

T T
Yo = J e "IAGB(s, Z4) ds+J e TIAZIXB(s,20%) ds

T
T T

.
—J e_(S_T)AZE’X dW;, Te [0, Tl.

T

Solution: (Y,Z) € 12(Q, C([0, T}, H)) x L5(Q x [0, T, La(U, H))

(cf. Hu-Peng SAP 1991, Fuhrman-Tessitore AOP 2002, Guatteri JAMSA 2007). Here we
are also using the group property of the wave equation.
19



FBSDEs

Known existence and regularity results: There exists a unique solution (Y, Z) s.t.

!
E sup VB +E | 1242 <Csup Bty
t€[0,T] 0 te[0,T], xeH

and the H-valued map
v(t,x) ;== Y* is deterministic

If moreover x — B(T,x), H — U, Gateaux-differentiable on H, for all T € [0, T], then
x — (Y¥*, ZY%) is also Gateaux-differentiable on H for any t.

|t follows that
v(t, x)
belong to C([0, T] x H, H), is Gateaux differentiable with respect to x and the map
Vv :[0,T] x H— L(H,H)
is strongly continuous (see [Fuhrman-Tessitore 02]). Moreover

Yo =v(1,Z%),| P—a.s.; foranyte[0,T]ae., |Z¥* =VOv(1,Z¥9),| P — a.s.

) —'T

20



FBSDEs (regularity of v)

By an approximation procedure on the drift B we show that

Proposition [Masiero - P] Let v(t,x) = Y{"* as before.

Then v € By ([0, T] x H,H) and, for any t € [0, T], v(t,-) : H — H admits the directional
derivative Vg:v(t, x) in any x € H and along any direction G&, with & € U.

Moreover, for any (t,x) € [0, T] x H, the map:
§— Veev(t,x) = ng(t,x) e L(U,H)
and, for any & € U, VEv € By ([0, T] x H, H) with sup ;o175 | VoVt X) | um) < oo

Finally, for any T € [0, T], a.e., we have the identification in Lo(U, H):

VOv(t,Zb) =z Pas.. (8)

) —T

21



FBSDEs (regularity of v)

A useful representation formula for v = Y

By the previous result we deduce

dl dl T

(+) v(t,x) =] e CUAGB(s,Z)ds + | e 5"YVAZL¥B(s,Zb¥) ds —J e STUAZLX qwy,
O:EI_ Q:Er t

= | e 5UAGB(s, 2t ) ds + | e 5TUAVCY(s, 201 B(s, ZH) ds

Jt Jt

T
— J e TUAYGy (s, 2 dw.
t

Formula (*) is important in the sequel. Now taking expectation

.
e 5"UAGB(s, M) ds — ]EJ e 5TUAY Sy (s, 2B (s, ) ds

t

T

v(t, x) :]EJ

t

-

:J Rs_¢ [e_(s_t)AGB(s, -)} (x) ds —J
t t

and we prove that v coincides with the solution given in the previous regularity

lemma. This implies that v = Y;”* has some additional regularity which we will use.

22
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A new BSDE

Let us come back to

dXt* = AXE¥dt 4 GB(T, XY )dt + GdAW,, T [t, T, X =x, ie,

T T

e SIAGB(s, XY ds +J e™AGAW,, Telt,Tl, t>0. (9)

Xbx = elT Ay 4 J
t

t

We consider a new BSDE:

—dYY* = —AYR*dT 4 GB(T, XYY) dT — Z* dW,,  YR¥ =0.
mild formulation of the new BSDE

b = J e 5 VAGB(s, Xb) ds — J e TIAZ AW, Te [0, (10)

T T

We will compare (9) and (10) in order to eliminate the “bad term B”
23



The Girsanov theorem

Let us set
W, = W, +J B(s,X!¥)ds, € [0,T].

By the Girsanov theorem

p

dXb* = AXYYdT 4+ GdW,, Te [t T,
Xt =x, t€[0,t],

—dYY = —AYY dt 4+ GB(T, XbY) dt+ ZUB(t, XY )dt— Z dW,, Tt € [0,T],

V=0,
(11)

~ T —
e TUAZLYB(s, X)) ds — J e TIAZI aw,

T

T

N T
Yh* = J e "UAGB(s, X') ds + J

T T

T € [0, T]. Note that X"* is an Ornstein-Uhlenbeck process starting from x at t which is
FY'r-measurable (by strong uniquenes of OU)

By uniqueness for (11) we have that the law of Y~ is the same of Y**.
24



In particular

Y™ and Y'* are both deterministic and they define a unique function v(t, x).

We have, for any T € [0, T,

YEX = y(1, XbY), | P—a.s.; (12)

forany t € [0,T] a.e., | Z4 = VSv(t, X2, | P — a.s.

Recall that the function v has the properties given in the regularity lemma.

We finally obtain

T T
(T, Xb¥) :J e STUAGB(s, XbY) ds—J e BTUAYSy (T, XE%) dW,. T e [0, Tl

T T

T
e(T_S)AGB(s,XS’X)ds—l—J e™IAGAW,, Te[0,T].
0

T
X = X0 = e™x + J
0

25



Removing the “bad term” B

Recall the link between the two BSDEs:
v(t,x) =Y =Y

Proposition For t = 0 any mild solution of the stochastic wave equation can be rewritten
as

T

el TSIATCy (s, XY) dW, + J e SIAGAW,.
0

T

X0 = e™x + e™v(0,x) — v(T, X¥) +J
0

Also with this approach the “bad” term B has been removed as in the Ito-Tanaka approach

Proof For T € [0, T]

T ~
e 5"UAGB(s, X0) ds — e—TAJ e 57UAZ0x qw,

T

T
€_TAY,?’X _ e—TAJ
T

fort=0
.

e *AGB(s,X%¥) ds — J e A Z0% aw,.
0

T

\78”‘ =v(0,x) = J’
0

26



T

e AGB(s, X¥) ds +J e Z0% aw,
0

T

v(0,x) = \78”‘ — e TAYOx 4 J
0
T T

—e (T, XY) + | e AGB(s,XY)ds + e_SAZS’X dW,

JO JO
T rT

= e "My(T, XY) + . e SAGB(s, X¥) ds + ; e AVOY(s, X5) dW4

T
J e SIAGB(s, X¥) ds = e™v(0,x) —v(T, X)
0

T
—J e(T_S)AVGv(s,X;‘) dW,
0



Well posedness for semilinear stochastic wave equation

Recall
Theorem For the stochastic wave equation (3) pathwise uniqueness holds. 3¢ > 0 s. t.

sup EIXI — Xﬁzllz_l < x4 —x2|2H, X1,Xo € H
t€(0,T]

Proof Let X', X? solutions starting at x4, x.

We first work up to some suitable time Ty < T and solve the FBSDE up to Ty.

We know by the regularity lemma that

Sup ||V\)(t,X)H]_(H’H) < 1/3
t€0,Tol, xeH

By the previous proposition

Xt — X8 = e™(x1 —x2) + € v(0,x1) —v(0, x2)]
—(t, X)) —v(T, X)) + J el IAT Sy (s, X1) — VOV (s, X3)] AW,
0

28



By regularity properties of v

€™ (x1 — x2) |1 + 1€ W(0, x1) — (0, %2)1ln + (T, X1) — v(T, X3) |1
1
< Clxq — X2l + §|X1 — X2y
and so

1
XD — X2y < Clxq — xoln + 5|Xl — X2y

T
+J el T SIAT Sy (s, X1) — VOV (s, X3)] AW,
0

29



Well posedness for semilinear stochastic wave equation

by Ito’s isometry

T 2
1E| J eTSIATCy(s, X1) — VOV (s, XB)] AW,
0

T
< ]EJ IVSv(s, X1) — VOv(s, X3) |12 - ds
0
Using (ex )k basis in U:

T T
IEJO HVGV(S, Xl) — VGv(s, Xf)Hi(u,H)ds = Z ]EJO IVSkv(s, X;) — ngv(s, Xf)lﬁds
k>1

T
<. < stup’sIUp IVeV ()12 | - L EIX{ — X[ ds.
X |k|p=1

The above quantity [ is finite by the regularity lemma.
Gronwall Lemma: assertion up to time T.

If To < T, continuing, solving a FBSDE on [0, (2Ty) ATI, ...... , ~w» assertion on [0, T] O

30



Backward stochastic differential equations in infinite dimensions

Y. Hu, S. Peng, Adapted solution of a backward semilinear stochastic evolution equation,
Stochastic Anal. Appl., 9, (1991)

M. Fuhrman, G. Tessitore, Nonlinear Kolmogorov equations in infinite dimensional spaces:
the backward stochastic differential equations approach and applications to optimal con-
trol. Ann. Probab. 30 (2002)

F. Masiero, Semilinear Kolmogorov equations and applications to stochastic optimal con-
trol, Appl. Math. Optim. 51 (2005)

F. Masiero, Regularizing properties for transition semigroups and semilinear parabolic
equations in Banach spaces. Electron. J. Probab. 12 (2007)

G. Guatteri, On a Class of Forward-Backward Stochastic Differential Systems in Infinite
Dimensions. J. of Appl. Math. and Stoc. Anal., (2007)

31



Thank you
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On the stochastic plate equation we can consider

Let D ¢ IR? be a bounded open domain with smooth boundary dD, which represents an
elastic plate. We consider the following semilinear stochastic plate equation

( By (1,8) = A%y (1,8) +b (1,8 y(T, &) + W (T, ),

¢ ylt,z2) =0, $(1,2)=0, z€dD, (13)

L y(0,8)=x%0(&), $(0,8)=x1(8), t€(0,T], £€D,

where A is the Laplacian in &, A? = A(A) is a fourth order operator, % denotes the
outward normal derivative on the boundary (we are considering the so-called clamped
boundary conditions).

We introduce U = L?(D); the operator A = A?, with domain
D(A) = H*(D) N H3(D)
is a positive self-adjoint operator (H5(D) is the closure of C3(D) in H?(D)

One can prove that D(A'/2) = H3(D) The topological dual of H3(D) will be indicated by
H—2(D).

33



In order to check that A satisfies our hypotheses recall a classical result by Courant states
that the eigenvalues A,, of A have the asymptotic behaviour

(47 )?
f2
where f denotes the area of D (such behaviour depends on the size but not on the shape

of the plate).

An ~ (14)

It follows that A~ is a trace class operator in L?(D). Proceeding as in Sections 2 and 3.1
we consider an extension of A to H™?(D) with domain H3(D).

The initial conditions of (13) are xg € L? (D), x1 € H™? (D).

The reference Hilbert space for the solution X. (&) := ( yi(;’(i’)a) ) is H = L?(D) x
0T ’

H2 (D).
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Hypothesis on b for the stochastic plate equation

Hypothesis 2 The function b : [0,T] x D x R — R is measurable and, for Tt € [0, T]
anda.a. £ € D,the map b (1,¢&,-) : R — R is continuous. There exists ¢4 bounded and
measurable on D, o« € (2/3,1), such that, fort € [0, T] and for a.a. & € D,

b(t,&x) —b(t, &yl < (&) Ix—yl”,

x, y € R. Moreover b (1,&,x)| < c2 (&), fort € [0,T] and a.a. & € D, with co € L?(D).
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On the minimal energy related to our problem

We consider here a positive self-adjoint operator S on a real separable Hilbert space K,
i.e., S: D(S) c K — K. Note that here the compactness of S~ is dispensed with. We
introduce the Hilbert space

M:@(S%)xK

endowed with the inner product

Y1 Y2 _ /<l !
((5)-(2)), (s, =
We also introduce

D(A) =D (8) x D (s3), A(‘i):(_os é)(‘i) for every <‘i)e@(A).

(15)
The operator A is the generator of the contractive group e** on M

L .
etA(y): cos.\@t 5 sin V/St (y) LeR
z —+/Ssin /St cos /St z
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We consider the following linear controlled system in M.:

w(0) =k e M,
where G : K — M is defined by Gu = 3 = (I) )u and the control u €

2
Lloc

(0, 00; K). We remark that I mG = {( g; ) eM : aq —O}.

It is well known that equation (16) is null controllable for any t > 0 and any initial state in
M, see for instance [R.F. Curtain, H.J. Zwart 1995]. This is equivalent to say that, for any
t >0,

t
e (M) c Q;/?(M), where Q; :J eSAGG e ds. (17)
0

(cf. Section 2). Moreover the minimal energy Ec (t,k) steering a general initial state

k = ( 2; ) to 0 in time t behaves like t2|k|y as t goes to O (see e.g. [Avalos-Lasiecka

ASNS 2003] for a more general result). Recall that £¢ (t, k) is the infimum of
t 1/2
(J |u(r)|§dr)

0
37



over all controls u € L?(0, t; K) driving the solution w from k to 0 in time t. It can be proved
that

12
Ec(t, k) =1Q, 2 M m

Hence if Ec (t) = sup Ec (t, k), we know that
K|y, =1

ec(t) is O(t™2?), as t — 07. (18)

On the other hand, we have the following estimate for the minimal energy steering an
initial state k € Im(G) to 0 at time t.

Theorem 3 There exists a positive constant C such that, for any k = ( 2 ) e Im(G),

Clklm _ Clalk

[Ec(t, k)] < :
12 12

t >0, (19)

A similar result has been proved in [Masiero, Appl. Math. Optim. 2005] by a spectral
approach in the case of the wave equation in H}([0, 1]) x L2([0, 1]).

The proof of Theorem 3 is inspired by [Triggiani, Journal of Optimization Theory 1992].
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It is convenient to consider the Hilbert space
H=KxD (S—%)

(by D (S—%) we mean the completion of K with respect to the norm |S~1/2 . |; this is a
Hilbert space; see also Section 2) endowed with the inner product

<< 211 > ’ ( b )>H - <S_%Z1’5_522>K+ (Y1, Y2)x - (20)

We also consider an extension of the unbounded wave operator A which we still denote
by A:

@(A):@(s1/2)><1<, A(g):(os é)(i)z(éy)éH,(E)eD(A).

Clearly A generates a contractive group e** on M and moreover if a € K we have

(0 AR Lfsin(\@t)a 12
k_(a)eD(A) and e (a)_< gos(\@t)a e D(S"9)x K, tel.

(21)
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Letus fix T > 0and k = ( 2 ) with a € K. Consider f(t) = t?(T — t)? and

t
o) =— e,
Jo f(s)ds
Note that ¢ (0 jo ds = 1 and there exists C > 0 (independent of T > 0) such

that [p(t)] < & amﬂ¢(ﬂ<§;tEMJ1Lm¢:MJ1%FL

() _ ety - [ @05 sn(VSta
v = (4 ) =-ewet= ( b(t) cos( VS t)a ) et

Using also the derivative \ we introduce the control

u(t) =o(t) +Pi(t) € X, te [0, T (22)
We show that it transfers k to 0 at time T. We have

JT eT8AGu(s)ds = JT elT—s)A ( 0 ) ds + JT eT=9AGY! (s)ds
B Po(s) 1

0 0 0

Since Gyi(s) = ( 1|)’O(s) ) is continuous from [0, T] with values in D (A) (cf. (21))
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Integrating by parts we get

0 0

Hence we find
T T
J eT=9AGu(s)ds = —J d(s)eT$eAk ds = —ek.
0 0
Now we compute the energy of the control u: fg lu(s)|?ds. First note that
! 2 ! 2 2 |alg
Mha(t)kdt =] ()7 cos( VStafgdt < =
On the other hand using the spectral theorem for self-adjoint operators we get
1
VS

2
sin(v/St) Kdt <

T T
J |1p1(t)’|§dt:J ‘d)(t)cos(\/gt)aJrcb’(s) sin(\@t)aidt
0 0

2lal2
T

clalz
T ]

oo

(0t T

<

+ 2!aI§J
0

D TesA e T T 0 I 0
J, TG s) = | TG s1ds = | e )A( S 0 )(ws) )ds
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where c is independent on T. Collecting the previous estimates we obtain
C [klx
VT

Now let U be a real separable Hilbert space and let A : D(A) C U — U be a positive
self-adjoint operator on U. We also consider the Hilbert space

V =D(A?)

and its dual space V'’ which can be identified with the completion of U with respect to the
norm [A~1/2 .| (see the book Tucsnak and G. Weiss 09).

T

1/2
Ec (T, k) < (J |u(s)|§ds> < T > 0.

0

The operator A can be extended to a positive self-adjoint operator on V' which we still
denote by A with domain V:

A:VCV SV, (23)

It turns out that the square root of such extension has domain U C V'’ (the proof of this
fact is simple in our case since A has a diagonal form; recall that we assume that A~ is
of trace class).

We need to apply Theorem 3 in the case when K =V’ and S = A. Moreover
M=H=UxV,
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D(A) =V x U, A(g)_<_o/\ é)(g) for every (E)ED(A)

(cf. (15)). The operator G : V/ —s H is defined by Ga = ( 0 ) _ ( ; ) a, a € V. The
associated controlled system is
w(t) = Aw (t) + Gu (1),
{ w (0) =h e H, (24)

with u € L2 (0, 0o; V'). By (18) and Theorem 3 we get

loc

Corollary 4 LetEc (t,h) =|Q; 1/2 e h|y, h € H. We have, fort € (0,T)

—1/2
Q2 My < —S|hin

3/2

Q. 2e*Galn < 751Gal = Flalv, heH, ae V"

1/2

In particular, since U C V’,

Q72" Galy < ——|Gal = ——A"2aly, ae W (25)

1/2 t1/2
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